The contributions of thermal quasiparticle correlations and of continuum coupling upon the superfluid properties of neutron-rich Ni isotopes are studied within the modified BCS approximation at finite temperature. The effect of thermal quasiparticle correlations is included using a secondary Bogolyubov-type canonical transformation explicitly involving the quasiparticle occupation numbers. The effect of continuum coupling is taken into account via the finite widths of the resonant 1 states. It is shown that the combined effects of thermal quasiparticle correlations and of continuum coupling wash out the sharp superfluidnormal phase transition given by the standard BCS calculations.
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I. INTRODUCTION
Infinite Fermi systems exhibit at finite temperature a sharp phase transition from a superfluid to a normal phase. This transition has some universal characteristics which do not depend on the type of the fermions or the effective attractive force generating the Cooper pair formation. Thus the relation between the critical temperature T c , at which the pairing correlations sharply vanish, and the value ∆(0) of the pairing gap at zero temperature T = 0 is about the same for metal superconductors [1] and nuclear matter [2] , i.e., T c ≈ 0.567∆(0). This common value is obtained [3] by solving the thermal BCS equations for a constant level density around the chemical potential, where the pairing correlations are stronger.
In finite Fermi systems one expects a gradual transition from the superfluid phase to the normal one, eventually with clear fingerprints coming from the variation of the level density. However, the temperature-dependent BCS or Hartree-Fock-Bogolyubov (HFB) calculations [4, 5] show that in finite nuclei, which present strong variations of the level density due to the spin-orbit interaction, the superfluid-normal phase transition remains sharp and the ratio T c /∆(0) is almost the same as in infinite Fermi systems. For medium and heavy nuclei, ∆(0) is of about 1 -2 MeV, and the estimated critical temperature T c is around 0.5 -1.0 MeV. This temperature is below the temperature at which the shell structure in stable nuclei is melting down significantly [6] . Therefore the superfluid state, generated mainly by the empty states inside the open major shell, is usually destroyed through the Pauli blocking of those states before the contribution of the next empty major shell to the pairing correlations becomes important. Thus the superfluid-normal phase transition is not very sensitive to the change of the shell structure. For the same reason, if the open major shell is well-bound, the finite size of the bound single-particle spectrum does not affect significantly the characteristics of the superfluid-normal phase transition.
The effect of the finite size of the nucleus upon its superfluid properties becomes important in nuclei close to the drip line, where the Fermi level is close to the continuum threshold. For such nuclei, with increasing the temperature, the nucleons are easily promoted into the continuum part of the single-particle spectrum, mainly into the single-particle resonant states which are trapped by the centrifugal or/and Coulomb barrier inside the nucleus. The resonant states, which become now important for the pairing correlations, have a continuous energy spreading and therefore the Pauli blocking, responsible for the superfluidity suppression at finite temperature, is less effective than for a spectrum formed only by bound states. On the other hand, the energy spreading of the resonant states diminishes the pairing correlations compared to a calculation in which the resonant states are treated like quasibound states [7] [8] [9] [10] . As a result, the critical temperature of the superfluid-normal phase transition is reduced due to the finite width of resonant states [9] . However, this transition still remains sharp, similar to the one given by the standard BCS calculations using a spectrum of single-particle bound states.
The persistence of a sharp superfluid-normal phase transition occurs due to the omission of thermal fluctuations in these studies. Several papers took into account thermal fluctuations in the paring field using the macroscopic Landau phase transition theory [11] [12] [13] , the static path-approximation [14] , nuclear shell model calculations [15] . The results have shown that the gap ∆(T ) does not collapse, but decreases with increasing temperature, and remains finite even at a rather high temperature. This has been confirmed by the calculations using the particle number projection [16] , as well as by the exact solution of the nuclear pairing problem [17] .
Recently, a method has been proposed in [18] to improve the treatment of groundstate correlations. This method employs the modified quasiparticles obtained by a secondary canonical transformation of usual quasiparticles explicitly involving the quasiparticle occupation numbers. At finite temperature, the quasiparticle occupation number is described by the Fermi-Dirac distribution function and depends on the quasiparticle energy and temperature. The thermal modified BCS equations have been obtained, which include the quasiparticle correlations in the thermal equilibrium. The numerical calculations have shown that the modified BCS approximation increases significantly the temperature of the superfluid-normal phase transition point until smearing out completely this phase transition in finite stable nuclei [18] .
The aim of this paper is to combine the models developed in Refs. [9, 18] to study how the continuum coupling and the thermal quasiparticle correlations affect together the properties of the superfluid-normal phase transition in nuclei far from stability.
The paper is organized as follows. In Section II we present the basic features of the model. The results of numerical calculations are presented and analyzed in Section III. The general conclusions are drawn in the last section.
II. FORMALISM
We consider a system of fermions in a spherical mean field, where the singleparticle orbitals are labeled by the total angular-momentum quantum numbers j and m. The pairing correlations of the system, induced by an attractive two-body force, are commonly described by using the canonical Bogolyubov transformation from the particle operators, a † jm and a jm , to the quasiparticle ones, α † jm and α jm (The sign stands for the time reversal operation, e.g. α j m = (−1) j−m α j−m ).
In the conventional BCS approximation the ground state of the system, |0 , is the vacuum state for the quasiparticle operator α jm , i.e. α jm |0 = 0, and, as such, does not includes correlations among quasiparticles. A method to include these cor-relations was suggested in Ref. [18] . This method is based on a secondary canonical transformation which defines the modified quasiparticle operatorsᾱ † jm ,ᾱ jm :
A new correlated ground state, |0 , is defined with respect to the modified quasiparticle operator, i.e:ᾱ jm |0 = 0. The probability to find in this correlated ground state the quasiparticle of angular momentum j is given by:
At zero temperature, this number shows the quantal fluctuations in the ground state, which are neglected within the conventional BCS approximation. At finite temperature T , the ground-state average in Eq. (2) is replaced with the average over the grand canonical ensemble. Neglecting the effect of residual interaction beyond the quasiparticle mean field, the quasiparticle occupation number n j (T ) is defined by the
where E j is the quasiparticle energy.
Using the secondary canonical transformation (1) and Eq. (3) one gets (see Ref.
[18] for details) the modified thermal BCS equations, i.e.,
where N is the particle number, the pairing matrix elements are approximated by the constant G, Ω j = j + 1/2 is the pair degeneracy of the j-shell, (u j , v j ) are the coefficients of the usual Bogolyubov canonical transformation, and n j = n j (T ). These equations differ from the conventional thermal BCS equations [3] by the second terms at the right-hand sides (RHS), containing n j (1 − n j ), which take into account the correlations induced by thermal effects. In the limit T = 0, Eqs. (4) and (5) become the standard (zero-temperature) BCS equations.
The extension of the conventional thermal BCS equations to include the contribution of the continuum single-particle states has been performed in Ref. [9] . The treatment of both continuum and temperature effects in stationary models such as the BCS approximation is complicated by the fact that the particles scattered in the continuum are permanently emitted from the nucleus, producing a nucleonic gas in thermal equilibrium with the nucleus. Therefore, in order to calculate the quantities related to the nucleus itself, the contribution of the nucleonic gas should be subtracted [20] . As discussed in Ref. [9] , within the BCS approach this can be done by evaluating the contribution of the continuum by the continuum level density g(ǫ)
defined by
where δ j is the phase shift related to the nuclear mean field. Therefore the thermal BCS equations with continuum coupling can be obtained by writing formally the standard thermal BCS equations in terms of the bound states level density, g b (ǫ), and then replacing g b (ǫ) by the total level density, i.e., g b (ǫ) + g(ǫ).
Using the same prescription we can also include the effect of the continuum coupling into the modified thermal BCS equations (4) and (5):
In a similar way we can now introduce the continuum contribution to the total energy E and the entropy S of the system, calculated within the modified thermal BCS approximation:
where ǫ j are the single-particle energies, supposed here temperature independent quantities. This assumption is supported by the temperature-dependent HartreeFock calculations, which show that for T ≤ 5 MeV the variation of the single-particle energies with the temperature is negligible [20, 21] . The excitation energy E * is defined using Eq. (9) as
As has been pointed out in Ref. [7, 8] , although one starts with a constant pairing interaction, in the resonant-continuum BCS equations the variation of the matrix elements of the interaction in the energy region of a resonance is in fact taken into account through the continuum level density g(ǫ). This effect, related to the width of resonant states, is lost if the continuum is replaced by a set of discrete states, e.g., as
selected by a box of finite radius. One should notice also that in the equations above the continuum level density cancel the contribution of the non-resonant continuum, for which the derivative of the phase shift is practically zero. The continuum usually contributes through a few narrow and well separated resonant states [8] [9] [10] . In such cases one can replace in the equations above the continuum level density with
where ǫ j and Γ j are the energy and the width of the resonance state with angular momentum j, respectively. One notices that in the limit of zero widths, the RHS of Eq. (12) becomes a sum of δ-functions, recovering the level density of the bound spectrum. The numerical calculations discussed in the next section are obtained with the integration in Eqs. (7) - (10) carried out within the region near the single-particle resonances, which is defined as |ǫ − ǫ j | ≤ 2Γ j .
III. NUMERICAL RESULTS
In order to illustrate how the continuum and the thermal quasiparticle correlations affect the properties of open-shell nuclei far from β-stability line, we solved the modified thermal BCS equations, discussed in the preceding section, for neutron-
rich Ni isotopes. We analyze how the pairing correlations are changing when a few neutrons are subtracted or added to the doubly closed-shell nucleus 78 Ni, which is the heaviest Ni isotopes produced at present. The neutron single-particle states used in the present calculations are shown in Table I . They were calculated using a Woods-Saxon potential with the depth V 0 = 40 MeV, radius R 0 = 1.27 fm, and surface thickness a = 0.67 fm. For the spin-orbit interaction we use a Woods-Saxon potential with the same values for the radius R 0 and surface thickness a, but the depth is changed to the value V so = 21.43 MeV.
These parameters are chosen so that the obtained single-particle spectrum for 78 Ni is similar to that given by the Skyrme -Hartree -Fock calculations [8] . As seen in Table I , the structure of the standard major shell 50-82 is drastically changed close to the drip line. Thus from all five states which typically form this major shell, only two states, 2d 5/2 and 3s 1/2 , are bound, while the rest of the three states, 2d 3/2 , 1h 11/2 , and 1g 7/2 , are resonant states. Moreover, we can see that the state 2f 7/2 , which usually belongs to the next major shell, appears now as a resonant state with energy below the state 1g 7/2 .
The widths of these resonant states are shown in the fourth column of the Table   I . Their effects on the pairing correlations, both in resonant-continuum BCS and modified BCS equations, appear through the continuum level density. In order to see these effects we perform also a calculation in which the resonant states are treated as quasibound states, i.e., replacing in the BCS equations the continuum level density with the Dirac δ-function. These calculations will be quoted below as quasibound BCS and quasibound-modified BCS. The same reduction of the gap due to the finite widths of the resonant states is observed at finite temperature, as shown in Fig. 2 . As expected, this effect is enhanced in the vicinity of the drip line, but for all the isotopes shown in Fig. 2 The situation changes when together with the continuum coupling we introduce the effect of the thermal quasiparticle correlations. From Fig. 2 one can see that, as compared to the quasibound BCS, the quasibound-modified BCS predicts a slower decrease of pairing gap with increasing temperature, as has been noticed previously in the calculations using a bound spectrum within the modified BCS approximation [18] .
The sharp superfluid-normal phase transition occurs at a much higher temperature.
However, as the thermal quasiparticle correlations decrease with increasing the particle number, the slopes of two curves are getting closer. For 84 Ni, in the temperature range 0.5 MeV ≤ T ≤ 0.6 MeV, the gap obtained within the quasibound-modified BCS drops even faster than that given by the quasibound BCS.
Taking the widths of the resonant states into account, the modified BCS predicts a slower decrease of the gap than that given by the quasibound-modified BCS as the temperature increases. This is due to the fact that, with increasing the temperature, the Pauli blocking becomes less effective due to the spreading of the resonant states.
The gap obtained within the resonant-continuum modified BCS remains finite as a long tail extended to T > 2 MeV. In general, we found that by introducing the width of the resonances into the modified BCS equations the sharp superfluid-normal phase transition is washed out for all the isotopes under consideration.
As seen in Fig. 2 , for the isotopes close to the drip line, 82,84 Ni, the gap remains finite at high temperatures, far beyond the critical temperature predicted by the quasibound-modified BCS calculations. At such high temperatures the Fermi distribution becomes smooth and covers more and more levels in the valence shell 50 -82 as well as in the major shell 28 -50 so that the latter starts to contribute significantly to the pairing correlations. This can be seen in Fig. 3 (a) , which displays the pairing gap calculated after removing one, two, three, and all four levels from the major shell 
IV. CONCLUSIONS
In this paper we have studied how the thermal quasiparticle fluctuations and the continuum coupling affect the pairing correlations in neutron-rich Ni isotopes. The thermal quasiparticle correlations are introduced making use of a secondary canonical Bogolyubov-type transformation, which defines modified quasiparticle operators.
The later depend on temperature via the usual quasiparticle occupation number, which is defined as a Fermi-Dirac distribution [18] . In addition, the coupling to the continuum is introduced into the BCS approximation via a few low-lying resonant states taking into account the effect of their widths in terms of the continuum level density. The calculations of the pairing gap, excitation energy, and entropy have been done for neutron-rich isotopes 68−84 Ni. The results show that the combined effect of the thermal quasiparticle correlations and of continuum coupling reduce the pairing gap in the low-temperature region and washes out the sharp superfluid-normal phase transition found in the standard thermal BCS and HFB calculations, which neglect these effects. We noticed that at high temperatures the smooth decrease of the gap is partially caused by the spreading width of resonant states, which make the Pauli blocking less effective.
The slight increase of the pairing gap with increasing temperature at T > 1.5
MeV found in this work for nuclei close to the drip line, and the enhancement of this effect when the energy of the lowest resonant state is pushed close to zero, may serve as a hint to search for a stronger effect of this kind in drip-line nuclei.
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